Illustrative Mathematics

8.G Converse of the Pythagorean Theorem

Alignments to Content Standards

e Alignment: 8.G.B.6

Tags

* This task is not yet tagged.

A Pythagorean triple (a, b, c) is a set of three positive whole numbers which satisfy the equation
a* +b* =

Many ancient cultures used simple Pythagorean triples such as (3,4,5) in order to accurately
construct right angles: if a triangle has sides of lengths 3, 4, and 5 units, respectively, then the
angle opposite the side of length 5 units is a right angle.

a. State the Pythagorean Theorem and its converse.

b. Explain why this practice of constructing a triangle with side-lengths 3, 4, and 5 to produce a right
angle uses the converse of the Pythagorean Theorem.

c. Explain, in this particular case, why the converse of the Pythagorean Theorem is true.


http://www.illustrativemathematics.org

Commentary

The converse of the Pythagorean Theorem says that if a triangle has sides of length a, b, and ¢
and if > + b* = ¢? then the angle opposite the side of length ¢ is a right angle. This is less well
known than the Pythagorean Theorem and provides a chance both to emphasize the difference
between the Pythagorean Theorem and its converse while also providing an opportunity for
experimentation. The application to constructing right angles is a real one and an important one
as protractors are not always convenient to use and not very accurate.

This task is for instruction purposes. Part (b) is subtle and the solution presented here uses a
"dynamic" view of triangles with two side lengths fixed. This helps pave the way toward what
students will see later in trigonometry but some guidance will likely be needed in order to get
students started on this path.

Further information about how this construction of a right angle was implemented in different
cultures can be found at the following web links:

e NRICH

e Egyptian Geometry

Solutions

Solution: 1

a. The Pythagorean Theorem states that in a right triangle with side lengths «, b, ¢, with ¢
being the length of the hypotenuse (that is, the side opposite the right angle), the
relationship

a+b =

always holds.

The converse of the Pythagorean Theorem says that if a, b, c are side lengths of a
triangle that satisfy

a? +b* =
then the angle opposite the side of length ¢ is a right angle.

b. The ancient cultures are trying to conclude that an angle is a right angle based on the
side lengths of a triangle. Looking at part (a), it is the converse of the Pythagorean
Theorem which has as its conclusion that an angle is a right angle so they are using
the converse of the Pythagorean Theorem. Since 3% + 42 = 5%, the converse of the
Pythagorean Theorem implies that a triangle with side lengths 3,4, 5 is a right triangle,
the right angle being opposite the side of length 5.


http://nrich.maths.org/982
http://books.google.com/books?id=IO8PAQAAMAAJ&pg=PA33&img=1&zoom=3&hl=en&sig=ACfU3U15km1JUIInftG-QWF44fDpo2bS1g&ci=88%2C508%2C799%2C864&edge=0

To put this in other words, the Pythagorean Theorem tells us that a certain relation
holds amongst the side lengths of a right triangle. The architects, however, do not
have a right triangle but rather want to produce a right triangle. The converse of the
Pythagorean Theorem enables them to do just this: they can conclude that an angle is
a right angle provided a certain relationship holds between side lengths of a triangle.

c. Suppose AB is a line segment of length 4 units. The set of points in the plane whose
distance from A is 3 units forms a circle C. If P is a point on C then the length |BP|
could be as small as 1, if P is on segment AB, and as large as 7 if P is opposite B on

line AB.
C
”..----.H_\
- ~
N
P/g 3
r A
; \\ ‘\
! Y
f 3\ v
Y
[ & !
i |
1 T
\ A 4 I B
. I
'}
'\\ ;
N i
\ r
N rd

If we imagine the point P moving around the circle in either direction, the length of BP
increases from 1 to 7 as P moves away from B. On the way, there are exactly two
places where zPAB will be a right angle, namely when P is the northernmost point of
C or when P is the southernmost point of C. In both cases, we can use the
Pythagorean Theorem to compute the length of |BP| and find that it is 5 units. Note
that if P is on the right side of the circle, its length will be less than when it is exactly
vertical, and if it is on the left side of the circle, its length will be greater than when it
is exactly vertical. So there are only two triangles that we can construct with side
lengths 3, 4, and 5, and they happen only when the angle opposite the side with
length 5 is a right angle. So if a triangle has side lengths 3, 4, and 5 units, it must be a
right triangle.

() @S@) 8.G Converse of the Pythagorean Theorem is licensed by lllustrative Mathematics
under a Creative Commons Attribution-NonCommercial-ShareAlike 4.0 International

License


http://www.illustrativemathematics.org/illustrations/724
http://www.illustrativemathematics.org
http://creativecommons.org/licenses/by-nc-sa/4.0/deed.en_US

	8.G Converse of the Pythagorean Theorem
	Alignments to Content Standards
	Tags
	Commentary
	Solutions


